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Second-Order Circuit ODEs: RLC Networks

Ordinary Differential Equations for Electrical Engineers — Ch. 7 of 15

1. Why two storage elements create second-order dynamics

An RLC circuit can store energy in both an electricand a magnetic field. When the capacitor and inductor states
are independent, two initial conditions are needed and the natural dynamics are generally second order.

Two states, two initial conditions

The natural state variables are the capacitor voltage v, and the inductor current i;; a resistor has no
independent state. If the topology lets both vary independently, the system has two dynamic degrees of
freedom, and eliminating one state leaves a scalar equation with a second derivative.

1 2 1 P2

Energy exchanges before it is dissipated

In alossless LC circuit the total energy shuttlesbetween the capacitor and the inductor, producing sustained
oscillation. Adding R dissipates energy, so the oscillation decays or disappears depending on the level of
damping.

Topology can reduce the apparent order

Counting components is not always enough. Two capacitors directly in parallel share one voltage and give only
one independent state; two inductors in series can share one current. System order follows the independent
stored-energy states, not the raw component count.

Deeper engineering point

The link between storage elements and order is structural. Network constraints can make nominal
storage variables dependent; conversely, coupled subsystems can create higher-order behaviour even
when the measured output hides some modes. State-space modelling later gives a precise way to count
independent states and to spot a scalar ODE that has lost or cancelled a mode.

ve(t) (i) [ — vel(t)

Series RLC circuit: one capacitor voltage and one loop current.
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Worked example — count states before deriving equations

A series RLC circuit has one capacitor and one inductor, with the same loop current through all
elements. The capacitor voltage and loop current can start independently, so two state quantities are
needed. With v, as the unknown, i = Cv."and

di "

KVL therefore contains v.", confirming second-order dynamics. The two initial conditions can be
supplied as v (0) and i(0), with v.'(0) = i(0)/C.

2. The series-RLC ODE for current and capacitor voltage

A series RLC circuit can be described by either the loop current or the capacitor voltage. The best choice
depends on the forcing and the output of interest, but both descriptions have the same poles.

Capacitor-voltage equation

KVL gives v, = v, + vg + v With i = Cv."and v, = Ldi/dt = LC v;":
LCv."+RCv.' + v, =v,(t)

Dividing by LC reveals the standard second-order coefficients.

Current equation

Starting from vy = Li' + Ri + %f i dt and differentiating gives

7 .y 1 . de
Li"+Ri'+—=i=—
C dt
This suits problems where current is the output, but differentiating the source means impulses at switching
edges must be handled carefully.

Same characteristic equation

For the source-free circuit, both formulations lead to the same characteristic equation, so the natural modes
do not depend on the chosen variable; only the modal coefficients differ.
R 1

s+—s+—=0
L~ LC

Deeper engineering point

Differentiating a circuit equation can simplify elimination but changes how discontinuous sources
appear. A voltage step has an impulsive derivative, so the current ODE containing v;" must be read in a
distributional sense at the switching instant. The capacitor-voltage ODE avoids this and is usually
cleaner for step-driven series RLC transients.
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Worked example — derive and normalise the capacitor-voltage model

LetL =20mH,R=10Qand C = 100 yuF.Then LC =2 x 107 s?and RC =1 x 107 3s:
2x10 ).+ (A x 10>y + v, = v,
Dividing by LC:
v." + 500 v;' + 5.0 X 10° v, = 5.0 X 10° v,

The coefficients have unitss™ and s as required, and damping and natural frequency are now visible.

3. The parallel-RLC ODE using node voltage

In a parallel RLC network the common node voltage is the natural scalar variable. KCL gives an equation
containing the inductor current; differentiating once eliminates it and gives a second -order voltage ODE.

Start with KCL

For a current source ig feeding parallel R, L and C branches, with v = Li,":
[ Cv' + Y +i
i.=Cv +—=+1i
S R L

Differentiate to eliminate i

Differentiating gives i;' = Cv" + v'/R +i,', and substituting i;" = v/L:

, 1 1 dig
Cv+—-v+-v=—r
R L dt

1 i

V't —v +—v==
RC LC c

Series and parallel damping differ

The term 1/(LC) is the same ideal LC exchange rate, but the damping coefficient depends on topology. In a
series RLC, increasing R increases damping; in a parallel RLC, increasing R reduces the conductance 1/R and
therefore reduces damping.

Deeper engineering point

The same warning applies to a current-step-driven parallel RLC: differentiating KCL introduces i.’,
which contains an impulse at the switching edge. A two-state formulation in v and i, represents the
switch without differentiating the source. The choice of representation can improve both clarity and
numerical robustness.
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i(t) C‘[‘) R L (o R — o(t)

—1

Parallel RLC circuit driven by a current source.

Worked example — identify the natural coefficients

ForR=200Q,L =50mHand C = 20 yF, 1/(RC) = 250s*and 1/(LC) = 1.0 X 10°s7%, s0
v +250v' +10°v =0

The natural-frequency scaleis 1000 rad/s, and the damping factor is half the v’ coefficient: @ = 125s7%.

4. Natural frequency w, and damping factor a

The standard second-order form separates two physical effects: the LC exchange rate sets the undamped
natural frequency, and the resistor sets the exponential damping rate.
Standard root form

Write the homogeneous equation as below. Its characteristic equation is s? + 2as + wé = 0; comparing
coefficients with the circuit ODE identifies a and w,.

x"+2ax +wix=0

Series and parallel parameters

For series RLC, 2a = R/L; for parallel RLC, 2a = 1/(RC). In both ideal topologies w, = 1/vLC. The damping
ratio { = a/w, gives a dimensionless classification.

1 R 1

Wy = \/IT' Aseries = Z' Aparallel = 2RC

Root location predicts the waveform class

If @ > w,, the roots are two distinct negative reals (overdamped). If @ = w,, there is a repeated real root
(critically damped). If a < w,, the roots are complex conjugates —a +jw,; with w; =+ w?— a?
(underdamped).

https://rfconsult.uk Ch.70f15 e Page4 © 2026 RFConsult.UK



ODEs FORELECTRICAL ENGINEERS e CH.7 ¢ SECOND-ORDER CIRCUIT ODEs: RLC NETWORKS

Deeper engineering point

Because ¢ is dimensionless, it lets you compare circuits of very different scale. Two RLC networks with
quite different component values but the same ¢ have similar normalised transients when time is
measured in units of 1/w,. This is why second-order response charts are parameterised by (.

under
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- over critical
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Worked example — classify from component values
A series circuithas R =12Q,L = 20mH and C = 100 uF.

1 1 R 12
=707.1rad/s, a=—=——=300s"1
2L 0.04

(1) =
" JVIC VZx10-°

So{ = 0.424 < 1: underdamped. The damped frequency is w; = V707.12 — 3002 = 640.3rad/s, and

—-300t

the envelope decays as e

5. Overdamped response and two real circuit poles

When damping exceeds the LC exchange rate, the natural response is a sum oftwo decaying exponentials. Both
poles lie on the negative real axis, so there is no ringing.

Mathematical form

For @ > w, the roots are s, , = —a £/ a? — w?, both negative in a passive circuit:
x,(t) = Ciestt + C, et

The dominant slow pole

The pole closest to the imaginary axis decays most slowly. Atlate times the fast mode has largely vanished and
the response looks first order, even though two modes were needed to satisfy the initial conditions.

Physical interpretation

Large series resistance dissipates energy before L and C can exchange it repeatedly; in a parallel RLC, small
resistance gives strong shunt conductance with the same effect. "Overdamped"” describes the root structure,
not merely a slow-looking response.

Deeper engineering point

When the poles are widely separated, the fast exponential vanishes so quickly that measurements
mainly show the slow pole, giving an effective first-order model after an initial boundary layer.
Dominant-pole model reduction is common, but the discarded fast mode can still matter for switching
stress and very short-time behaviour.
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Worked example — compute both decay modes
For a series RLC with L = 0.10H, C = 100 uF and R = 100 Q: w, = 316.2rad/sand @ = 500577, so

Va? — w2 =387.3s"and

s, =—-112.7s7', s5,=-8873s7"!

The second mode decays almost eight times faster; after a few milliseconds the —112.7 s™* pole
dominates the tail. The constants still depend on both initial conditions.

6. Critical damping and repeated poles

Critical damping is the boundary between real-pole and complex-pole behaviour. For the ideal second-order
form it gives the fastest return to equilibrium without oscillation.

Repeated-root solution

At a = w, the characteristic equation has the repeated root s = —a. Two independent functions are still
needed, so the factor t is essential:

x,(t) = (C; + C,t)e™™

Critical resistance

For a series RLC circuit, R = 2+/L/C. For a parallel RLC, setting 1/(2RC) = 1/VLC gives R = 1/2/L/C.
These apply only to the canonical topologies; a general network must first be reduced to its actual ODE
coefficients.

L
2 =

crit, series — C

R

Why "fastest" needs context

Critical dampingis fastest among the standard responses without overshoot for a fixed w,. It does not mean
that changing parameters always makes a practical circuit faster: changing R can also alter loading, forcing
and the measured output.

Deeper engineering point

Critical damping is a boundary, so it is sensitive to tolerances. A resistor chosen exactly from nominal L
and € may make a real circuit slightly over- or underdamped. Practical designs usually targeta damping
margin rather than an exact repeated pole.
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Worked example — choose R for critical damping

Let L =40mH and € = 10 uF in a series RLC circuit.

L 0.04
R =2 [7=2 |55 = 12650

Also wy, = 1/4/LC = 1581rad/sand @ = R/(2L) = 126.5/0.08 ~ 1581 s™%, confirming & = w,. The
source-free response is (C; + C,t) e "1>81¢ with constants set by the initial voltage and current.

7. Underdamped response, damped frequency and ringing

When damping is weaker than the LC exchange rate, the poles are complex conjugates. The response oscillates
at a damped frequency inside an exponential envelope that removes energy.

Complex poles become a real sinusoid

For a < w, the roots are —a + jw,, and the real response can be written in either form below (or as

Me~%tcos(wyt — ).
s=-—atjow,, wy = /a)g—az

x, = e “[Acosw,t + Bsinw, t]

Two time scales

The oscillation period is T; = 2m/w,; the envelope time constant is about 1/a. One sets how fast the cycles
occur, the other how quickly their amplitude decays.

Ringing and overshoot

A step response may overshoot, because energy stored in L and C carries the state past equilibrium before
dissipation reverses it. The overshoot depends on the damping ratio and on the input/output configuration,
so the roots predict whether ringing is possible, not every amplitude detail.

Deeper engineering point

With @ > 0, the damped frequency w, is always below w,. For light damping they are close but not
interchangeable: resonant forcing, free ringing and bandwidth calculations involve different
characteristic frequencies, so check which one a formula needs.
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Worked example — read frequency and envelope from the roots

Suppose the poles are —200 + j600s™, soa = 200s " and w, = 600 rad/s. The ringing period is T; =
2m/600 = 10.47 ms, and the envelope fallsby e~ every 1/a = 5ms.

a
wy = /az + w3 = 632.5 rad/s, {=—=0.316
Wo

Any real natural response must have the form e ~2°°‘[Acos600t + Bsin600t].

8. Initial conditions from stored capacitor and inductor energy

Second-order constants should be tied to physical stored energy. Capacitor voltage and inductor currentare
continuous; the derivative of the chosen scalar variable comes from the element laws and the post-switch
circuit.

Ve (0+) = vc(O_); iL(O+) = iL(O_)
Using v as the ODE variable

InaseriesRLC,i = Cv.".Sov.(0%) comes from capacitor continuity, and v.'(0*)from the continuous inductor
(loop) current. Both mathematical initial conditions are then directly physical.

i(0M)
C

v.'(07) =

Using current as the ODE variable

If the ODE is written for the loop current, continuity gives i(0*) = i, (07), and the derivative comes from post-
switch KVL:

v,(07) = Ri(0%) — v (0%)

i'(0%) = T

Energy is a strong plausibility check

Compute W, and W, before switchingif useful.In a passive source-free network the total stored energy must
not increase; an envelope that grows in a passive circuit signals a sign or root error.

Deeper engineering point

Initial states can be non-zero even when the post-switch source is zero; that is the signature of stored
energy. Conversely, a source can switch abruptly while the state stays continuous. Keeping source
discontinuity and state continuity separate prevents a common mistake: setting v, or i; to zero just
because the source changed at t = 0.
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Initial capacitor state two states Initial inductor state
ve(0), We(0)=1Cw3(0) |~ T in(0), Wi(0)=1Li(0)

h
4

Worked example — convert physical states into y(0) and y'(0)

A source-free series RLC has C = 50 ¢F, L = 20mH, v-(0) = 4 Vand i(0) = 0.10 A. Choose y = v.
Then y(0) = 4 Vand

i(0) 0.10
C 50x10

y'(0) = — = 2000 V/s

These two conditions determine A and B in the natural response. The initial stored energy is
1/2C(4%)+1/2L(0.12) = 0.5m].

9. DC final value, energy decay and interpretation

Long-time behaviour and energy balance give independent checks on an RLC solution. At DC the derivatives
vanish; in a source-free passive circuit, resistor dissipation removes stored energy monotonically.

DC equivalent circuits

After the transients of a constant source die away, a capacitor acts as an open circuitand an inductor as a short
circuit. Use these replacements to find the final capacitor voltage, inductor current and outputs. A solution
approaching any other value is wrong, however consistent its algebra.

Energy balance in a source-free series RLC
With no source, KVL is Li" + Ri + v = 0. Multiplying by i and using i = Cv.’ gives
drl

1
— |z Li*+= Cvcz] = —Ri*<0
del2 2

The resistor continuously removes energy; L and C only exchange what remains.

Damping seen through energy

In an underdamped response, energy passes back and forth several times before it is dissipated. Critically
damped and overdamped responses dissipate enough that repeated sign reversals do not occur. The pole
picture and the energy picture describe the same physics.

Deeper engineering point

The energy derivative is a Lyapunov-style stability argument for passive RLC circuits: if W is positive
definite and dW /dt < 0, stored energy cannot grow without an external supply. This establishes
qualitative stability without solving the characteristic equation, and it extends to much larger passive
networks.
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Worked example — final value plus an energy check

A series RLC is connected toa 10 V DC source. At long times the capacitor is open, so the current is zero,
the resistor and inductor drops are zero, and v() = 10 V. A computed solution tending to 8 V can be
rejected without differentiating anything.

+50t

For the source-free version, W (t) must decrease. A candidate natural response containing e would

eventually grow in energy, which is impossible for positive R with no active source.

10. Consolidation: classify an RLC response before solving it

Second-order work is much more reliable when classification comes before constant-solving. Establish the
topology, coefficients, roots and physical initial and final data before expanding any algebra.

Step 1 — derive the actual ODE

Choose the state or output, write KCL/KVL and substitute the elementlaws. Normalise to x” + 2ax’ + wéx =
g(t). Use the memorised a formulas only if the circuit is exactly the canonical series or parallel topology.

Step 2 — classify the poles

Compare a with w,, or solve the characteristic equation. Write down the response family (two exponentials,
repeated-root form or damped sinusoid) before applying initial conditions.

Step 3 — apply the physics and verify

Convert v-(07) and i, (07) into the two mathematical initial conditions. Find the DC final value for constant
forcing, determine the constants, and check units, initial derivative, final value, pole stability and energy
behaviour.

Deeper engineering point

Pole classification does not depend on initial conditions: the initial state changes modal coefficients, not
pole locations. One initial state may make an underdamped circuit ring strongly and another may
suppress part of the sinusoid, but neither can turn complex poles into real ones. Keep system properties
separate from excitation-dependent amplitudes.
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[ Derive ODE ]—D[ Normalise ]—l[ a and wy ]—D[ Classify roots ]—D[ Apply ICs ]—b[ Check physics ]

Worked checkpoint — classify without solving for constants

A seriesRLChas R = 40Q,L = 50mH and C = 200 yF. Thena = R/(2L) = 400s ' and w, = 1/VLC =
316.2rad/s, so @ > w,: overdamped.

s = —400 + /4002 — 316.22 = —155.1 and — 644.9 s~*

Before using any initial conditions we know the natural response is C;e 1551t + C,e =644 with the
slower pole controlling the late tail.
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  R


  x ″ + 2 𝛼 x ′ +   𝜔 0 2 x = g  ( t )


  𝛼


  𝛼


    𝜔 0


    v  C  (  0 − )


    i  L  (  0 − )


  R = 40


  L = 50


  C = 200   𝜇


  𝛼 = R /  ( 2 L ) = 400


    𝜔 0 = 1 /  L C = 316 . 2


  𝛼 >   𝜔 0


  s = − 400 ±   400 2 −   316 . 2 2 = − 155 . 1   and   − 644 . 9    s  − 1


    C 1   e  − 155 . 1 t +   C 2   e  − 644 . 9 t

