Maxwell’s Equations

Electromagnetic Theory Course — Maxwell and Wave Theory — Document 7 of 23

1. Maxwell’s equations: the framework of classical electromagnetics

Maxwell’s equations are the compact set of laws from which most classical electromagnetic behaviour can be derived. They
connect electric charge, electric field, magnetic field, electric current, and the way electric and magnetic fields generate one
anotherwhen theyvary with time.

In macroscopic Slform, the four equations are

V-D= P
V-B=0,
VXE = —a—B
at’
VxH =] + %—]:
The symbols are notinterchangeable. Thefield quantities are
Quantity Meaning Slunit
E electric field strength V/m
D electric flux density C/m?
H magnetic field strength  A/m
B magnetic flux density T
and the sources are
Quantity Meaning Slunit
Pr free volume charge density C/m°
Jr free current density A/m?

For a simple linear, isotropic material,

D =€E, B = uH, J = oE.
These are constitutive relations. Maxwell’s equations describe thefield laws; the constitutive relations describe how the material
responds.

There are two complementary forms of Maxwell’s equations. The differential form describes what happensin an infinitesimal
neighbourhood around every point. The integral form describes accumulated field behaviour over a finite line, surface or volume.
Neitheris more fundamentalfor ordinary engineering use; each is convenient for different problems.

A usefulclassification is:
° the two divergence equations describe sources and flux;
o the two curl equations describe circulation and electromagnetic induction.

Thefour laws are strongly coupled. A time-varying magnetic field can create acirculating electric field; a time-varying electric flux
can create a circulating magneticfield. That mutual coupling is what ultimately permits electromagnetic waves to propagate
through space.

By the end of this document you should be able to state all four equationsin integral and differential form, explain every term
physically, derive the differential forms using Gauss’s and Stokes’ theorems, explain displacement current and charge
conservation, and use Maxwell’s equations to reason about boundaries and wave propagation.

Core mental model: Gauss’s laws tellyou how field flux relates to sources. Faraday’s and Ampere-Maxwell laws tell you how
changing orconducting sources produce circulating fields.
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2. Gauss’s law for electricity

Gauss’s law for electricity relates electric fluxto electric charge. In differential form,
Read this as: the local divergence of electric flux density equals the local free-charge density. A positive chargeis a source of
outward electric flux; a negative charge acts as a sink.

The correspondingintegralformis

#D -dS = Qf,enc'
s
where S is a closed surface and Q¢ o (is thetotalfree charge enclosed by it. Since
Qf,enc = fffpf av,
v
fio-as= [[[oy av
s v
#D -dS = f.UVDdV,
s v
fff(V-D—pf)dV=0.
v

Fo=7]

Fora pointcharge Q in free space, spherical symmetry tells us that D must pointradiallyand have constant magnitude over a
sphereof radius r:

we can write
Using the divergence theorem,
o)

Because this must hold forany arbitrary volume,

Example: point charge

D =D,f

Gauss’s law gives

ﬁ;n -dS =D, (4nr?) = Q,
N

hence
Q
D= f.
47r?
Infree space, D = ¢,E, giving Coulomb’s field:
4megr?

Thisis an important lesson: Gauss’s law is always true, but it becomes especially powerfulwhen symmetry makes the fluxinte gral
easy.
What zero divergence does and does not mean
If

V-D=0,
there is no netlocal source of electric flux at that point. [t does notimplythat D = 0. Anonzero uniformfield has zero divergence
because as much fluxenters atiny volume as leaves it.

Teaching point: divergence answers a source/sink question, not afield-magnitude question.
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3. Gauss’s law for magnetism

Maxwell’s second divergence equation is
V-B=0.

ﬁBwiS:O.
s

This says that the net magnetic fluxthrough anyclosed surface is zero. In ordinary classical electromagnetics there are no isolated
magnetic charges analogous to electric charges. Magneticfield lines therefore do not begin orend on magnetic monopoles;they
formcontinuous loops.

Its integral formis

Consider a bar magnet. We often draw magneticfield lines leaving the north pole and entering the south pole outside the magn et. If
we stopped there, it might look as though the north pole were a magnetic source and the south pole amagnetic sink. Butinsid ethe
magnet thefield continues from south to north, completing the loop. Aclosed surface around thewhole magnet thereforehas as
much magnetic flux entering as leaving.
Differential interpretation
The divergence equation
V-B=0
means that an infinitesimal volume cannot contain anet source or sink of magnetic flux. Thisis avery useful physicalconstraintin
both analytical and numerical EM.
Forexample, suppose aproposed field were
B =xX+yy+zZ.
Then
V-B=1+1+1=3,
so this field cannotrepresent a physically permissible magnetic flux densitythroughout asource-free classical region.
By contrast,
B=—-yX+xy
has
V-B=0.
Itis compatible with the no-monopole constraint, although additional Maxwell equations would still need to be checked before
declaring ita complete physical solution.
Why solvers care about this equation

Numerical EM methods approximate continuous fields using discrete unknowns. If the discretisation is poorly chosen, it may
produce nonphysical numerical modes with spurious magnetic divergence. Good formulations preserve or enforce the structure of
Maxwell’s equations as closely as practical.

In finite-difference and finite-element methods, the relationship between discrete curl and divergence operators is especially
important. Since mathematically

V-(VxA) =0,

well-designed discrete operators tryto retain the corresponding identity. This helps prevent unphysicalaccumulation of magnetic
flux.
A useful comparison
Electric field flux can terminate on charge:

V-D = ps.
Magnetic flux cannot terminate:

V-B=0.
That differenceis one of the clearest structuralasymmetries in the classical Maxwell system.

Teaching point: V - B = 0 does not say that magnetic fields are weak or absent. It says that magnetic fluxhas no isolated
beginning orend.
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4. Faraday’s law: changing magnetic flux creates electric circulation

Faraday’s law is
B
ot’

d
fooa 2 [[nas
c dt Jg

The left sideis the circulation of the electric field around aclosed contour C.Theright sideis the negative time rate of change of
magnetic fluxthrough a surface bounded bythat contour.

VXE =-—

Its integral formis

The minus sign encodes Lenz’s law: the induced electric effect acts in a sensethat opposes the change in magnetic fluxthat
produces it.

From field law to induced voltage
The electromotive force around aclosed loopis

E= fE -dl.
c
Therefore Faraday’s law gives
ddg
=
where
bPp = _UB - dS.
s
If a coilhas N identical turns linking the same flux,
do
Vina= —N d_tB'

This is the familiar transformer/generator law, but Maxwell’s equation is more general: it says the induced electric field exists in
space even when thereis no conducting wire present.

The electric field need not be conservative
In electrostatics,

VXE=0,
so theelectric field can be written as

E=-VV.
But when magnetic fluxvaries with time,

VXE=D0.

The electric field then has circulation and cannot generally be represented everywhere by a single scalar electrostatic poten tial
alone.

This is amajor conceptual transition from electrostatics to electrodynamics.

Orientation and the right-hand rule

Thedirection assigned to dS and the positive traversal direction around C are linked by the right-hand rule. Reverse the surface
normaland the positive contour direction must reverse too. The law remains the same because both signed quantities change
consistently.

RF interpretation

In an RF system, fields vary sinusoidally. Achanging magnetic field continuously creates a circulating electric field. Later, in phasor
form, the time derivative becomes multiplication by jw forthe e’/®t convention:

VXE =—jwB.
Document 8 will develop that frequency-domain formin detail.

Core idea: Faraday’s law says that electric circulation can be produced without electric charge. A changing magnetic field itself
is sufficient.
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5. Ampere-Maxwell law and displacement current

Thefourth Maxwellequation is
Vx H=]; +racoDot.

fua= [y a5+ [[o-as

Thefirstterm on theright represents conduction current through the surface. The second is the displacement-current term
introduced by Maxwell.

Its integral formis

Why Ampére’s original law was incomplete
For steady currents,
VXxH=]

works well. The difficulty appears for time-varying charge. Consider a capacitor being charged through wires. Conduction current
flows in the wires, but no conduction current crosses the dielectric gap between the plates.
If we applythe circulation law to a loop around one wire, two different surfaces can be stretched across that same loop.One
surface cuts the wire and encloses conduction current. Another bows between the capacitor plates and cuts no conduction
current. Aphysical law cannot depend on which imaginary surface we choose.
Maxwell resolved this by adding

aD

E.
Between the capacitor plates, the electric fluxchanges as charge accumulates. The displacement-current contribution exactly
restores consistency.
Define a displacement-current density

aD
Ja = TS
Then the curl law can beremembered as
VxH=];+ ],

Why this term is profound
Thedisplacement-current term is not merely bookkeeping. In a source-free dielectric region, J, = 0, yet a time-varying electric field
can still produce magnetic circulation:

oD
VXH-= E
Together with Faraday’s law,
0B
VXE = —E,

this gives the mutual electric-magnetic coupling needed for electromagnetic-wave propagation.

For a linear material, conduction currentis J. = oE, whiledisplacement currentis J; = dD/dt. In sinusoidal steady state,
Document 8 will show that these become algebraic quantities involving o and jwe.

Teaching point: displacement current makes Ampere’s law consistent with changing charge and is essential to the existence
of electromagnetic waves.
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6. Charge conservation and the continuity equation

Maxwell’s equations contain charge conservation within them. The local conservation law is the continuity equation:

v ==L

This says that if net current flows outward from atiny volume, the charge stored in that volume must decrease. Conversely, i f more
current flows in than out, charge accumulates.

We can derive the equation directly from Ampeére-Maxwell law:
VX H=]; +raciDat.

Take the divergence of both sides:
d
V-(VXH)=V- —(V-D).
( ) Jp+5;(V-D)

The divergence of a curlis identically zero:

V-(VxH)=0.
Using Gauss’s law,
we obtain
dp
0=V-J + a_tf'
or
V. ]f = _W 8

Integral form
Integrating over avolume IV and using the divergence theorem gives

$rr-as == [[] or av.

Since the volume integral is the enclosed charge Qf,
- dS = ———|
#;]f dt

The left sideis net current leaving the volume. If thatis positive, enclosed charge falls.

Why this matters in EM modelling

Charge conservation is not optional. Afield/current solution that violates the continuity equation is internallyinconsisten t.
Numerical solvers therefore need source representations, meshes and matrix equations that respect charge continuity sufficien tly
well.

Forexample, in aMethod of Moments current formulation, the basis functions should represent current flow in away compatible
with charge accumulation. In FDTD and FEM, discrete versions of divergence and curlidentities help maintain consistency betw een
field updates and charge.

A practical interpretation
Imagine a short conducting segment carrying atime-varying current. If the current entering one end differs from the current leaving
the other, charge must accumulate somewhere on the segment. That accumulated charge produces electric field. Current
distribution and charge distribution are therefore notindependent quantities.
Core idea: the continuity equation is conservation of electric charge written locally. It is embedded in Maxwell’s equations, not
added as an unrelated law.
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7. Integral and differential forms: why both matter

The same Maxwell law can often be expressed either as a statement about a finite region or as a statement about every point. The
bridge between these views is provided by the divergence theorem and Stokes’ theorem.

Forthe divergence equations, the divergence theorem says

ﬁqA-dS= fffVV-AdV.
fio-as=[[[o-var= [ v

Thus the global statement about total enclosed charge and the local statement V - D = p; are two views of the same law.

fA-dl=ﬂ(VxA)-dS.
c s
fE'dlsz(VxE)wiS.
c s
d
E-dl=—-— ]| B-dS.
c dtJg
For a fixed surface we can move the time derivative inside the integral:

ffs(ws)-ds=—fs%—f-ds.

0B
ff (VxE+—>-dS=0.

Applyingit to electric flux gives

Forthe curlequations, Stokes’ theorem says

Apply this to Faraday’s law:

But Faraday’s integral law also gives

Hence

Because the surfaceis arbitrary,

When should you use each form?

Theintegral form is often naturalwhen thereis strong symmetry, when dealing with total flux/current, or when deriving boundary
conditions around asmallloop or pillbox.

The differential form is naturalwhen deriving wave equations, solving PDEs, or describing the localfield inside a material.

Computational methods reflect this distinction. FDTD and many FEM formulations are closely tied to local differential operato rs.
MoM typically starts fromintegralequations in which Green’s functions have already incorporated part of the differential ph ysics.

Teaching point: integral Maxwell equations are not approximations to the differential equations. For sufficiently regular fields,
they are mathematically equivalent descriptions of the same physics.
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8. Boundary conditions from Maxwell’s equations

Boundaryconditions tellus how fields behave as we cross an interface between two materials. They are not arbitrary rules; they
follow directly from Maxwell’s integral equations by applying them to an infinitesimally small loop or pillboxaround the bou ndary.

Let fipoint from medium 1 into medium 2.
Normal electric-flux condition

Apply Gauss’s law to a very thin pillbox straddling the boundary. As its height tends to zero, only the two flat faces contribute
appreciably. Theresultis

|ﬁ' (D, -D,) = ps|

where p is free surface-charge density.
If there is no free surface charge,
n-D,=1n-D,.

Normal magnetic-flux condition
Applying V - B = 0 to the same pillboxgives

F @ -5)=0]
The normal component of Bis continuous because thereis no magnetic surface charge.
Tangential electric-field condition

Apply Faraday’s law to an infinitesimalrectangular loop crossing the interface. For finite fields, the magnetic -flux term tends to zero
as the loop area shrinks, leaving

| x (E, — E,) = 0]

Thus the tangential component of Eis continuous across an ordinaryinterface.

Tangential magnetic-field condition
Applying Ampere-Maxwell law to the same type of loop gives

[Ax (H, — Hy) = ]|

where]; is free surface-current density.
If no surface current exists, the tangential component of His continuous.
Thesefour conditions are fundamental to reflection/refraction problems, transmission lines, waveguides, antennas, dielectric
interfaces and numerical EM.
Perfect electric conductor
Inside an ideal PEC, the time-varying electric field is zero. Atits surface thisimplies
E, =0.
The normal electric fluxmay terminate on surface charge, and tangential magnetic field may be supported by surface current. This
iswhy PEC boundary conditions are so importantin MoM and waveguide problems.

Core idea: every familiar EM boundary condition can be traced back to one of the four Maxwell equations applied to a
vanishingly small geometric region.
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9. How Maxwell’s equations generate electromagnetic waves

The complete wave-equation derivation belongs to Document 9, butitis important to see the logic now.
Considera homogeneous, source-free, linear medium:

Pr = 0, ]f =0,
with

Maxwell’s curl equations become

VX E= oH
=TS
VXH= JE
—Eat.

Thefirst says a changing magneticfield is associated with electric circulation. The second says a changing electric field i s
associated with magnetic circulation. Each field therefore drives the spatial variation of the other.

Take the curl of Faraday’s law:
a
VX (VXE) = _“E(V x H).
Substitute Ampere-Maxwell law:
9%E
VX(VXE) = —MEF.
Using the vector identity
Vx (Vx E) =V(V-E) — VZE,

and noting that in this homogeneous source-free region

V-E=0,
we obtain
V2E = ueﬂ
at*
This has the standard wave-equation form, giving wave speed
1
vV=—
ue
In vacuum,
1

c= .
Theremarkable pointis conceptual: electromagnetic waves are a consequence of Maxwell’s field laws and material relations.
Wedo notneed to add a separate law saying that radio waves exist.
This connection is whythe displacement-current term in Ampére-Maxwell law is indispensable. Without it, the symmetrical
electric-magnetic coupling required for free-space waves would be lost.
Teaching point: a propagating EM wave is not an electric wave plus an unrelated magnetic wave. It is one coupled
electromagnetic field solution in which E and H continually satisfy Maxwell’s equations together.
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10. Synthesis, solver perspective and degree-level checkpoint

A usefulwayto memorise Maxwell’s equations is by what they do, not merely by their symbols.

Law Differentialform Physical statement

Electric Gauss V-D =ps charge is a source/sink of electric flux

Magnetic Gauss V-B=0 magnetic fluxhas no isolated source/sink

Faraday VXE=-0B/0t changing magnetic flux creates electric
circulation

Ampeére-Maxwell VxH =] +0dD/ot current and changing electric flux create

magnetic circulation
Thefield equations must be used together with material relations such as
D = €E, B = uH, J = oE.
What an EM solver is really solving
Different numerical methods rearrange Maxwell’s equations in different ways.
FDTD discretises the curl equations directly in space and time and updates electric and magnetic fields alternately.

FEM typically converts a differential Maxwell equation into aweak integral form over mesh elements and solves the resulting spar se
matrix system.

MoM often starts from an integral equation in which a Green’s function already represents the response of Maxwell’s differential
operator; the unknown source/current distribution is expanded in basis functions and solved from a dense matrix system.

So although the software may display matrices rather than curls and fluxes, the underlying physics remains Maxwell.
Degree-level checkpoint
You should now be able to answer the following without relying on memorised slogans.

1. State all four Maxwell equations in differential form and explain every term and unit.
State all fourin integralform and identify the line, surface or volume involved.
Derive V- D = p,fromintegral Gauss’s law using the divergence theorem.

Derive Faraday’s differential law fromits integral form using Stokes’ theorem.
Explain physically why V- D = 0 does notimplyD = 0.

Explain whythe displacement-current term is required for a charging capacitor.
Derive the continuity equation from Ampere-Maxwell law and Gauss’s law.
Explain the meaning of V - B = Owithout saying merely “there are no monopoles”.

Derive the four basicinterface boundary conditions from Maxwell’s equations.

20 ® NP oA N

0. Explain, inwords and equations, how the two curllaws permit electromagnetic-wave propagation.
Teach-back challenge

A good teaching testis to explain Maxwell’s equations in three passes:

Pass 1 —physical language: sources, flux, circulation and induction.

Pass 2 —integral equations: what happens over loops, surfaces and enclosed volumes.

Pass 3 — differential equations: what happens locally at each point.

If you can move comfortably between those three descriptions, and can explain why the mathematical operators match the
physical ideas, you have crossed the mostimportant conceptual threshold in undergraduate electromagnetics.

Nextdocument: sinusoidalfields and the phasor-domain Maxwell equations. This will show how time differentiation becomes
algebraic multiplication by jw, which is the form used throughout RF, microwave and frequency-domain EM analysis.
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