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1. Functions of several variables and partial differentiation
Electromagnetic fields normally depend on more than oneindependentvariable. A temperature along a wire might be written as
T(x), but an electric field in space may depend on three spatial coordinates and on time:
E =E(x,y, z1t).
Each componentisitself a function. For example,
E=E/(x,y,2z 0%+ E, (x,y,7z,t)y + E,(x,y, z,t)2.

A partial derivative asks how a multivariable function changes when onevariable changes while the others are temporarily held
fixed. If

fx,y) = x%y + 3y,
then differentiation with respect to x treats y as a constant:

of
— = 2xy.
dx 4
Differentiation with respect to y instead gives
af 2
-—= 6y.
3y x“ +6y

The symbol 0 rather than d warns us that the function has more than oneindependent variable.

Why this matters in EM

Suppose
. /mx

E,(x,z) = Eysin (7) cos (Bz).
Then

JE, T X

a—; =E, — cos (;) cos(fz),
whereas

JE, L TXN |

Frae —E,Bsin (7) sin(Bz).

Thefirst describes how the field varies across the guide; the second describes how it varies along the guide. The same field can
vary differentlyin different directions.

Second partial derivatives are written, for example,

a%f d%f
ax?’  oax oy
For sufficiently smooth functions, the mixed derivatives can usually be interchanged:
a%*f a%*f
ox oy - oy 0x’

This smoothness assumption is common in ordinary EM regions, though singular sources and material discontinuities require
greater care.

Teachingidea: a partial derivative is a local slope measured in one chosen direction while allother coordinates are frozen.
Maxwell’s differential equations are built from such local directional changes.
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2. Total change, differentials and the chain rule

A partial derivative isolates onevariable, but a real path through space can change several coordinates at once. For ascalar
function

f=rfy2,

a small total change is approximated bythe total differential

df =Z—};dx +g—j;dy +g—};dz.
Each term says: local slopein one coordinate direction multiplied by the small displacement in that direction.
Suppose

V(xy) = 3x% + 2xy.

Then

av %4

a=6x+2y, a}:Zx,
o)

dV = (6x + 2y)dx + 2x dy.
Thisis usefulin electrostatics because voltage is ascalar field and electric field is related to how that voltage changes in space.

The chain rule

If position itself depends on another variable, such as time, then a spatial field becomes a function of time through the motion of
the observation point. If
f=fl@®,y@®,20),
then
df Odfdx odfdy 0dfdz
dt ~ dxdt ' dydt ' dzdt
If the field also has explicit time dependence, f = f(x,y, z,t), then
af _9f  Ofdx 9fdy 0fdz
dt 0t oJxdt Odydt Odzdt
This distinction between partial and total time derivatives appears throughoutfield theory, moving mediaand continuum
mechanics.
Product and quotient rules still apply

Forfunctions of severalvariables, ordinarydifferentiation rules remain valid while differentiating with respect to the cho sen
variable. For example,

9 dg  of
a(fg)— 3 9o

Similarly,

0 (f\ _gof/ox—f dg/ox
ax (5) - g° ’
Dimensions provide a useful check
If V is measured in volts and x in metres, then

av

ax
has units V/m. Thatis exactly the unit of electric field. Dimensional checks are an excellent way to detect a missing length factor or
an incorrect derivative.

Common mistake: df/ dxdoes not mean thatonly x exists. It means that x is thevariable being changed for this particular
derivative; the otherindependentvariables are being held fixed during the operation.
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3. Indefinite and definite integration

Differentiation asks for alocal rate of change. Integration performs the complementary operation: it accumulates contributions.
An indefinite integral is a family of antiderivatives:

Jf(x)dx=F(x) +C,
where

dF
a=f(x).

The constant C is necessary because differentiation removes constants. For example,
[2xdx=x*+C.
An indefinite integral therefore does not produce one numerical answer; it produces a general function.

A definite integral accumulates between specified limits:

b
f f (x) dx.
a
The Fundamental Theorem of Calculus gives
b
f f (x) dx = F(b) — F(a).
a
Forexample,
2
f 2xdx = [x%]3 = 4.
0

Physical interpretation

Think of integration as “sum many infinitesimal contributions.” If aline charge density A(x) has units C/m, then a small piece dx
contains charge

dQ = A(x) dx.

Thecharge between x = aand x = bis

b
Q =f A (x) dx.
a
Units make the accumulation clear:
C
—xm=C.
m
If the density is uniform, A = A, then
Q =2b-a).

Average value
The average of a function over an interval of length b — a is

1 b
(f)=mfaf(x)dx-

This ideareappears in RF when calculating average power over a period or average field quantities over a region.

Integration is signed

A definiteintegralis not simply “area.” Contributions below the axis are negative because the integral keeps track of sign. Likewise,
electromagnetic flux integrals keep track of orientation, not merely magnitude.

Teachingidea: differentiation is local; integration is cumulative. Maxwell’s differential equations tellyou what happens ata
point, whereas Maxwell’s integral equations accumulate field behaviour along paths or across surfaces.
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4. Double integrals and integration over an area

When a quantityis distributed over atwo-dimensionalregion, asingleintegral is not enough. A double integral sums contributions

over area:
'UAf (x,y) dA.

dA =dxdy,

ffAf dA = fcdjabf (x, y) dxdy.

Theinnerintegralis performed first. Its resultis then integrated over the second variable.

In Cartesian coordinates,

so over arectangular regiona < x < b,c <y <d,

Example: charge on a sheet
Let the surface charge density be

X
ps(xy) = po=

b ra x
Q=ffpsdA=f f po— dxdy.
A 0Jo @

¢ ox Pol
Zdx =22
fopoa S

over0 <x < a,0<y<b.Thetotalcharge is
Evaluate the x integral:

Then integrate over y:

_ Poab

=
Since pg has units of coulombs per square metre and dA has units of square metres, the answer has units C.
Why order may matter computationally

Forwell-behaved functions over ordinaryregions, changing the order of integration gives the sameresult, but one order may be far
easier. Forirregular boundaries, the limits can depend on the outer variable:

Y2 %)
f f f (x,y) dx dy.
y1 Y x:(y)

Thisis notjust mathematical bookkeeping.In EM, geometry determines limits: a rectangular aperture, circular conductoror
triangular finite element all lead to differentintegration domains.

Area integrals versus surface flux integrals
A scalar area integral such as

fprsdA
[[o-as

also involves direction and orientation. We treat that distinction explicitlyon page 7.

adds a scalar density. Aflux integral such as

Common mistake: dA is ascalar area element. The vector surface element dS = ndS contains both areaand orientation.
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5. Line integrals: accumulating along a path

A line integral accumulates a quantityalonga curve C. There are two important forms.

A scalar lineintegral is

fcf dl,

where dl is a small scalar length. It adds a scalar quantity distributed along a path.

ondl.
c

dl = tdl

A vector lineintegralis

Here

is a directed infinitesimal displacement tangent to the path. The dot product extracts the component of A alongthe direction of

travel.

Electric potential difference
Electrostatics provides a central example:

B
V(B) - V(4) = —f E-dl.
A

If
E=E,%
and we move fromx = 0 to x = L along the x axis, then
dl =Rdx,
o)
E-dl =E, dx,
and

V(L) —V(0) = —E,L.
If instead the path moves entirely in the y direction while thefield pointsin x, then
E-dl =0.
No potentialchange occurs because the displacement is perpendicular to thefield.

Parameterising a curved path
A curve can be written as

r =r(uw).
Then
dr
dl = T du,
and

fCA- dl = fuZA (rw) -Z—Z du.

This converts a geometric path integralinto an ordinary one-variable integral.

Orientation matters
Reversing a path reverses the sign:

B A
fA~dl=—fA~dl.
A B

That sign is physical. In circuit language, voltage rise versus voltage drop depends on direction;in field theory, circulation depends

onthechosen contourorientation.

Physical picture: imagine walking along the path. At each point, ask “how much of this vector points in mydirection of travel?”

Add those contributions allthe way along the curve.
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6. Closed line integrals and circulation

A circle on theintegral sign indicates a closed path:
%A- dl.
c

The path starts and ends at the same point. Such an integral measures the accumulated tangential component of thefield around a
complete contour and is often called circulation.

Two of Maxwell’s equations naturally use closed line integrals. Faraday’s law is

d
oo [nas
c dt Jg

d
i tr L f[o-as

At this stage, focus on the geometry rather than memorising the laws. The left-hand side walks around a boundary; theright-
hand side refers to what passes through the surface bounded by that contour.

and the Ampere-Maxwell law is

Simple circular example
Supposeafield around acircular path of radius a is everywhere tangent and has constant magnitude H,. Then

fu.a=fn,a
c C

i;H -dl = 2maH,.
c

The circumference is 2ma, so

If the field were normal to the path at every pointinstead, the dot product would vanish.

Choosing positive orientation

A closed contour must have an orientation. Once a surface normal is chosen, the positive circulation direction is related to it bythe
right-hand rule: curl the fingers of yourright hand in the positive contour direction and your thumb points along the positive surface
normal.

This pairing becomes essential in Stokes’ theorem and in Faraday’s law. Arbitrarily reversing eitherthe contour orthe normal
without reversing the other creates a sign error.

Conservative fields

For an electrostatic field,

fE-dl=0.
c

Thatis why electrostatic potentialis single-valued and path-independent. Time-varying magnetic flux changes the situation:
Faraday’s law tells us that a time-varying magnetic field can produce non-zero electric-field circulation.

Common mistake: “closed integral” is not anew integration technique by itself. The circle means the integration domain is
closed: a loop foralineintegral oracompletely enclosing surface for a surface integral.
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7. Surface integrals, vector area and electromagnetic flux

A surface integral accumulates over a two-dimensional surface embedded in three-dimensional space. For electromagnetic flux,

the basic formis
[[a-as
s

ds = nds,

Thevector area element is

where fi is the chosen unit normalto the surface. Therefore

A-dS = Acosf dS.
Onlythe component of A passing through the surface contributes.
Electric flux

Electric fluxin terms of electric fluxdensityis

o = [[o-as
S

If D is uniform and perpendicular to aflat surface of area 4, then
Y, = DA.
If the surface is tilted by angle 8 relative to the field direction,
¥r = DAcos6.
If the field lies entirely in the plane of the surface, 8 = 90°and the fluxis zero.
Power through a surface
The same geometry appears in electromagnetic power. If S is the Poynting vector, then power through a surfaceis

P=ﬂAs-ds.

W,
— xm?=W.
m

The units confirmtheinterpretation:

Forwaveguides, this integralis taken over the guide cross-section to obtain transported power.

Curved surfaces

For a curved surface, fi changes from pointto point. The integral must therefore account for both the changing field and the
changing local orientation. A sphereis a naturalexample: its outward normalis radial everywhere, even though the direction of that
radial unit vector changes over the surface.

Scalar versus vector surface integrals
Do not confuse

f[ras
f[aas

Thefirstaccumulates a scalar per unit area; the second calculates oriented flux of avector field.

with

Physical picture: imagine the surface as a net. Afluxintegral asks how much of the vector field pierces the net, counting
direction as positive or negative according to the chosen normal.
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8. Closed surfaces and volume integrals

A closed surface completely encloses a volume. Its fluxintegral is often written

faas
S

where the conventional positive normal points outward from the enclosed volume.

Gauss’s law for the electric field uses exactly this construction:

#D - dS = Qepe-
N

The left-hand side asks for net outward electric flux through the enclosing surface. Theright-hand side asks how much free charge

isinside.
#B -dS =0,
s

which expresses the absence of isolated magnetic monopoles in ordinary classical electromagnetism.

Magnetism has the corresponding relation

Volume integration
If a quantityis distributed throughout three-dimensional space, we use atriple or volume integral:

ﬂf‘r '
Forvolume charge densitypv in coulombs per cubic metre,

o ffpner

Fora uniform charge densityin a rectangular box of dimensions a, b, c,

¢ rb ra
Q=f f fp,,dxdydz=pvabc.
0’0 o
Again the units tell the story:

—3><m3=C.
m

Energy stored in a field
Volume integration also appears in field energy. In asimple linear dielectric, electric energy densityis

W, =%E ‘D [/m?],

= o

This is animportant conceptual shift: energy is not necessarily “located in a component.” Electromagnetic theorytreats energy as
distributed throughoutthefield in space.

sotheenergyinavolumeis

Closed surface versus volume

A closed surface integral concerns what crosses the boundary of avolume. Avolume integralconcerns what exists inside it. The
divergence theorem, introduced on page 10, is the mathematical bridge between these two descriptions.

Solverconnection: finite-element and finite-difference methods repeatedly approximate area and volume integrals over small
cells orelements. The continuous integral becomes aweighted sum over discrete pieces of geometry.
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9. Integration in Cartesian, cylindrical and spherical coordinates
The meaning of an integralis coordinate-independent, but the differential length, area and volume elements depend on the
coordinate system.
In Cartesian coordinates,
dV =dxdydz.
In cylindrical coordinates (p, ¢, z),
adV = pdpdpdz.
Thefactor p is essential. A small angular step d¢ corresponds to an arc length p d¢, which grows with radius.
In spherical coordinates (7, 8, ¢),
dV = r2sin6 dr d@ de¢.
The factor r2sinf accounts for how coordinate spacing expands with radius and polar angle.

These scale factors are examples of aJacobian: a factor that corrects the differential element when variables or coordinates are
transformed.

Example: volume of a cylinder
Forradius a and height L,

L r2m ra
V=f f fpdpdd)dz.
oJo Yo

Evaluate in sequence:

fa aZ
pdp=—,
0 2
21T
f d¢ =2m,
0
so
V = na?L.

Without the factor p, the dimensions and numerical result would both be wrong.
Example: surface area of a sphere
On a sphereof radius R, the radial surface element is

dS = R?sin6 do d¢.
Therefore

2T T
A= j j R?sinf d@ d¢ = 4wR>.
0 0

This surface element appears constantly in antenna radiation and far-field power calculations.

Choose coordinates to match the geometry

Rectangular waveguide naturally suggests Cartesian coordinates. Coaxial cable and cylindrical scatterers suggest cylindrical
coordinates. Isolated radiators and far-field radiation suggest spherical coordinates.

Thephysicsis unchanged; the coordinate systemis chosen to make the geometry and integration limits simpler.

Common mistake: when changing coordinate systems, changing only the limits is not enough. The differential element must
also be transformed. Missing p orr2sin@ is one of the most common errors in EM integration.
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10. The integral theorems, solver meaning and degree-level checkpoint
Three major theorems connect local differential behaviour with accumulated integral behaviour. You do not need to master their
proofsyet, butyou should understand what each one connects.

The Fundamental Theorem of Calculus connects a derivative with accumulation along one dimension:

b
f = F) - Fla).
a dx

The divergence theorem connects behaviourinside avolume to fluxthrough its closed boundary:

ﬂ (V-A) dV=£€A~dS.
v

The Stokes theorem connects local circulation over a surface to circulation around its boundary:

fL(VxA)-dS= §CA~dl.

Thesetheorems are why Maxwell’s equations can be written in both integral and differentialform. They are not two different
theories: they are two mathematically equivalent views of the same field laws under appropriate smoothness conditions.

From calculus to a numerical EM solver

A numerical solver turns continuous operations into finite approximations. A derivative may become a difference such as
6_fz fle+4x) — f(x)
ox Ax '

An integral may become a weighted sum,

[ dxx ) fown.

Inyour 2D Method of Moments solver, an integral of a Green’s function and basis function becomes a matrix element such as
7, ~ f f G (6, x) £, (O £, dl' dL.
Cm Cn

Thecalculus in this documentis therefore not background decoration:itis the language fromwhich the solver matrix is
constructed.

A compact decision guide

Use an ordinary derivative when afunction has oneindependentvariable. Use a partial derivative when selecting one variable
from several. Use an indefinite integral to find an antiderivative. Use a definite integral to accumulate over stated limits. Use a
line integral along a path, a surface integral over an area in space, and a volume integral throughout aregion.Acircle on the
integral sign means the path or surface is closed.

Degree-level checkpoint
You should now be able to explain, without relying on memorised wording:
1. Whyd/ dx is differentfrom d /dx.
WhyE - dl appearsin a voltage line integral.
WhyD - dS measures fluxthrough a surface.
Why reversing a line-integral path reverses its sign.
Why a closed surface normally uses the outward normal.
WhydV = pdp d¢ dz contains the factor p.
How the units of an integrand and differential element predict the units of the result.
What the divergence theorem connects physically.

What Stokes’ theorem connects physically.

2 ©® N AN

0. Whynumerical EM solvers replace derivatives and integrals with finite differences, quadrature and matrix operations.

Teach-backtest: take each of the symbols dx, dl, dS, dS and dV and explain both its geometry and its units. If you can do that
clearly, you have acquired one of the most useful habits for reading Maxwell’s equations correctly.
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